In this note, we show that if a multidimensional sequence generates Hankel tensors and all the Hankel matrices, generated by this sequence, are positive semi-definite, then this sequence is a multidimensional moment sequence.
Introduction
The multidimensional moment problem is an important topic in mathematics [1, 2, [6] [7] [8] [9] 14, 15] . In this note, we show that if a multidimensional sequence generates Hankel tensors and all the Hankel matrices, generated by this sequence, are positive semi-definite, then this sequence is a multidimensional moment sequence. We do this in Section 2. Some further questions are raised in Section 3.
We use small letters for scalars, bold letters for vectors, capital letters for matrices, and calligraphic letters for tensors.
The Multidimensional Moment Problem
Denote Z for the set of all positive integers, and Z + as the set of all nonnegative integers. According to [2, 14] , a multidimensional sequence
is called a multidimensional moment sequence if there is a nonnegative measure µ on ℜ n−1 satisfying:
are all finite. For a given multidimensional sequence S defined by (1) , is it a multidimensional moment sequence? i.e., Is there a nonnegative measure µ such that (2) holds? This problem is called the multidimensional moment problem [1, 2, 14] . For any m ∈ Z, we may define a homogeneous polynomial of n variables and degree m:
According to [14] , S is a multidimensional moment sequence if and only if for all m, f (x) a sum of mth power (SOM) form. A homogeneous polynomial f (x) of n variables and degree m is corresponding to an mth order n-dimensional symmetric tensor A = (a i 1 ...im ), where
is an SOM form if and only if there are vectors u k ∈ ℜ n for k = 1 . . . , r such that
where for a vector v ∈ ℜ n , v m = (v i 1 . . . v im ) denotes a symmetric rank-one tensor. Such a symmetric tensor is called a completely decomposable tensor in [11] .
Thus, a given multidimensional sequence S defined by (1), is a multidimensional moment sequence if and only if all the symmetric tensors A generated by it are completely decomposable tensors for all m. Note that when m is odd, a symmetric tensor is always completely decomposable [11] .
Suppose now that for j 1 , . . . j n−1 , l 1 , . . . , l n−1 ∈ Z + , we have
By (4), for i 1 , . . . i n , k 1 , . . . , k n ∈ Z + , we have
as long as
By [3] [4] [5] [10] [11] [12] , such a tensor is called a Hankel tensor. Thus, we call a multidimensional sequence S satisfying (9) a Hankel multidimensional sequence.
For an mth order n-dimensional Hankel tensor A = (a i 1 ...im ), by [12] , there is a generating vector v = (v 0 , . . . , v mn ) ⊤ such that
If m is even, then v also generates a Hankel matrix A. If the associated Hankel matrix A is positive semi-definite, such a Hankel tensor A is called a strong Hankel tensor. By [11] , a strong Hankel tensor is completely decomposable. An explicit decomposition expression of a strong Hankel tensor is given in [5] . Furthermore, by (6), we see that
for j 1 , . . . , j n−1 ∈ Z + , i.e., the components of v are independent from m. Thus, (11) defines an infinite sequence V = {v k : k ∈ Z + }. This infinite sequence V generates a sequence of Hankel matrices H p = (h ij ), with i, j = 0, . . . , p − 1, p ∈ Z, and
for i, j ∈ Z + . By these, we have the following theorem.
Theorem 1 Suppose that a given multidimensional sequence S defined by (1), satisfies (6), i.e., it is a Hankel multidimensional sequence. If all the Hankel tensors generated by V are strong Hankel tensors, i.e., all the Hankel matrices H p generated by the sequence V are positive semi-definite are positive semi-definite, then S is a multidimensional moment sequence.
